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OPTIMUMFLIGETPA5 OF TURBOJETAIWRWIY
W AngeloMiele
SUMMARY
Theclid ofturbojetaircraftisanalyzedanddiscussedincluding
theaccelerations.Threeparticularflightperformancesareexamined:
minimumthe of clinb,cli?ibwithminimumfuelconsumption,andsteepest
cMld3.
. Thetheoreticalresultsobtainedfroma previoustudyaxeputina
formthatis suitableforapplication thefollowings~lifyingassum-
ptions:TheMch nuuiberis consideredas independentvariableinsteadof
. thevelocity;thevariationsoftheairplanemassdueto fuelconsuaqtion
sredisregarded;theairplanepolarisassumedtobe parabolic;thepath
curvaturesandthesquaresofthepathanglesaredisregardedinthepro-
jectionoftheeqwtionofmotiononthenormalto thepath;lastly,an
idealturbojetwithperformanceindependentofthevelocityisinvolved.,
TheoptimumMachnuniberforeachfMght conditionis obtainedfrom
thesolutionofa sixthorderequationinwhichthecoefficientsare
functionsoftwofundamentalparameters:theratioofmfnimumdragti
levelflighttothethrustandtheMachntier whichrepresentstheflight
at constantaltitudeandmaximumlift-dragratio.
Diagramsfora quickcalculationftheoptimumMachnumbersandthe
effectofaccelerationsontherateofcli?ibintroposphericamdstrato-
sphericflightaregiven.
Thecriticaldiscussionoftheeffectofthebasicassumptionsi
followedby thesuggestionofa methodfortakingintoaccounthedepend-
enceoftheturbojetperformancefromthevelocityandthevariationsof
theairpkne=ss dueto fuelconsumption.
Thestudyisconcludedwitha numericalexsmplewhichshowsthe
unusualadvantagesaccruingfrcmthenewflighttechniquewhentheclinb
ispushedtonearcei13nglevel.
m
*f’TraiettorieOttimeDi VoloDegliAeroplaniAzionatiDa Turbo-
reattori.”L’Aerotecnica,n. 4, VOlo =1, 1932,pp.206-219.
.
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SYMEaLS Y
—
a= JiFF velocityof sound}m/s .
c)? liftcoefficient
CPE‘F% liftcoefficientrepresentingmaximumlM’t/dragratio ——.-
Cr dragcoefficient r.
crO dragcoefficienta zerolift
e Oswaldefficiencyfactor .—
r ,,.~=~ —maximumaerodynadcefficiency .—l 
Fa = VZ’PZU= sin O/sineu accelerationfactor= ratioof effective
ratesof clinibto thatcomputedwith
accelerationsdisregarded
g accelerationfgravity,9.&66 m/sec2 —
K“ ratioof specificheatat constantpressureto specific
heatat constantvolume,l.kforair
M= ~~a Machnuder
Q =V=/a Machtier atmaximumrate
disregarded
Mr = Vr/a Mch nuniberatmaximumpath
tionsdiscounted
of clinibwithaccelerations
anglecomputedwithaccelera-
~ =v’/a Machnumberrepresentinghorizontalflightatnux&.uum
lift-dragratio
— —
N rpsofturbojet
. .- ...-.-—
P pressure,kg/m2
m“
P lift’,kg
—
.—.
.
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u
~
Q
R= P/PT
R
~ = Q/~
s
T
v
. Vc
. v~
vE
v=
Vzu
specificfuelconsumption,kg/see
weightofairplane,kg
constsmtoftheair, 287.1m2sec-2W-1
aerodynamicresistance,kg
mbdmumaerodynamicresistancein straighthorizontal
flight,kg
wingarea, m2
thrust,kg
speed,m/sec
speedatmaxtin Vzu,m/see
speedatmaximumeu,m/see
speedof straighthorizontalflightatmaxh.mefficiency,
m/see
effectiverateof clin.b,n#sec
rateofclimbwithaccelerationsdisregarded,m/see
x = ~n/T = Q/~ mkim..drag/thrustratio
Y ratioofoptimumspeedfora certainflightconditionwith
accelerationsallowedforto thecorrespotiingvalue
determinedwithaccelerationsdiscounted
z altitude,m
z* altituiieoftropapause~I-0,769m
a absolutevalueoftemperaturegradientinthetroposphere,
0.00650K/m
E= errorintroducedinthecalculationfthespeedof cIW
dueto disregardedcenkripetalcceleration
et errorintroducedb thecalculationfthespeedof cltuib
as a resultofdisregardedtangentialacceleration
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A
P
a = P/@
T
Wbscripts:
o
*
errorintroduced
asa resultof
jectionofthe
flightpath
inthecalculationfthe
havingassumedcos0 = 1
equationofmotiononthe
—
.-
angleofeffectivepath
pathanglecomputedwhiledisregardingthe
geometricalspectratio —
airdensity,kg sec2mA _
relativeairdensity
absolutetemperature,%
refersto sealevel
refersto tropopause
1,INTRODUCTION
speedof clinib
inthepro-
normalto the
.— —
accelerations
—
.
—
A generalmethodrelatingtoproblemsofoptimuminnonsteadvfMzht
wasdevelopedanddiscussedin earliereports(refs.15and19).”The~
definetheparticulardistributionsofthevelocityV A V(Z) which
producetheinitialconditions(VI,Zl)forprescribed~inalconditions
(V2,Z2)withminimumtimeorminimumfuelconsumption~rminimumdfs-
tancecoveredinhorizontalflight.
— —
Theweightoftheairplaneisassumedconstant.Theanglebetween
thrust~d velocityvectorsisdisreg~ded.me projectionoftheeqU-
tionofmotiononthenormaltotheflightpathisapproximatedat P = Q.
Forthesteepestclimb,theadditionalassumptionsin0 = tan0 inthe
projectionoftheequationofmotiononthetangento thefltghtpathare
accepted.
Forthethrustandthefuelconsumptionperunittime,theanalytic
expressions
T= T(V,Z) (lj
--
,
.-
-
~= q(v,z)
areassumed.
(2)
.
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w It is shownthattheoptMmndistributionsV = V(Z) includetwo
terminalpathsdependingonthelimitingconditionsanda centralsection
definedby
(a)Cm withminimnnttie
am -XV)
av
=yimv-m
g az
(b)CIM withminimmnfuelconsumption
Va ‘:,a=:
(c)Steepestcl.inib
b(T - R)
. =V~(T-R)
-—
~ g az
(4)
.(5)
. Jhthemostimportantflightcondition(withtheseinenomenclature
as usedinref.19),thefirstcase(accelerationandclimbat lowspeed
andlowaltitude,at highspeedandWgh”altitude)andundertherestric-
tiveconditionsZl”~Z ~Z2, theforegoingtermimalpathsresultintwo
horizontalacceleratedmotionscorrespondingto the~reme altitudes
Zl, Z2.
To illustrate:FortherapidcIW (equation(3)issynthetically
indicatedbyo(V,Z) = O),thefollowingtheoreticaloptim inflight
areindicated:
(a)Terminalaltitudes,’bothtroposphericorbothstratospheric
(fig.I-A):
(1)Acceleratingat constantaltitudeZI frcxnVI to VM defined
with o(V,Zl)=0.
(2)Climbfrom Z~ to Z2 utilizingthevelocitydistribution
definedbyo(V,Z) = O.
(3)Acceleratingat constantd.titude
‘2 from VN definedby
(D(V,Z2) . 0 to finalspeedV2.
(b)Initialtroposphericaltitudeandfhal stratosphericaltittie.
(fig.l-B):
.
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(1)Accelerationsat constantaltitude21 from VI to VM deftied
by o(V,21)= 0.
II
.
(2)Clw fr~ (21,VM)to (%, Vt)usingthevelocitydistribution
definedbyo(V,Z) = O.
(3)A@=l==ti~s c~espo~~ tothe-hopopausefrom vt to v~.
(k)Cltibfr~ (%+,VS)to (22,VN)USingthevelocitydistribution
a(v, z) = o. “
(5)Af=lera*i- at Cmskt altittie@ from VN tofinal
speedV2.
2. TURBOJXTAIRCRAFT
Thevaluesdevelapedintheforegoingareofgeneralcharacter.In
thepresentpaper,it is intendedtoapplythemto thespecificaseof
turbojetaircraftby trtifoimingthedataalreadyavailablewiththeaid
.
of suitableassumptionsformore
Thrustandfuelconsumption
ardatmosphere,functionsofthe
T =
q=
convenientuse.
perunittimeofturbojetsare,in stand.
followingnature:
T(V,Z,N) (6)
q(V,Z,N) (7)
V thevelocity,Z thealtitude,and N thenuniberofrevolutionsper
minute.
Accordingly,thevelocitydistributions(3),(4),and(5)produce
optimwuvaluesfortherespectivecasesofflight,incorrespondencewith
eacharbitrarilyprescribedfunction
.
N= N(V;Z)
whichmakesitpossibletoreduce(6)and(7)to (1)and(2).
In accordance
constantnuriberof
.
withordinaryuperatiotil
revolutionssresnalyzed.
N= constant
practice,thepaths
AccOrdin@y (8)iS
.-
-—- -—. .
(8)“
flown at
—
replacedby
(9)
.
.
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3.ADDITIONALASSUMPTIONSRELATING‘IOTHEPOWERPI&NT
In orderto obtainsimplesolutions,an idealturbojetwithperform-
anceindependentofthevelocitylisassumed.Accordingly,havingassmned
N= constant,thrustandfuelconsmiptiondependsolelyonthealtitude.
Thefollowinganalyticalrepresentationispreferred:
(a)~oposphere
T/T.= crr= fl(@
q/~ = # = f~(z)
(b)Stratosphere
T/T+= q/~ = +* = f7Jz)
.
A statisticalsaslysisoftheperformancesof
hasprovedthesuitabilityoftakingthefollowing
.
r =0.75 s =0.90
intoconsiderationfortheconditionsof cIM.
Theyareonlyapproximateanddiffersomewhat
Ashkenas(ref.7)andTifford(ref.8)inprevious
(lo)
(U)
(12)
a numberofturbojets
mediumvalues
(13)
fromthosedeftiedby
tudieswherethe
principal-object-wasthestudy-oftherangeperformanceofturboJetair-
planes.
4.ADDITIONALASSUIWIIONSRELATING
Theaircraftdragpolarisassumedtobe
%= Cro-tt+2/7cAe
withcoefficientsCro> e independentofthe
number.
!IUTEEAIRCRAFT
parabolic
(14)
MachnumberandtheReynolds
. 1Amethodfortakingthedependenceof T and q onthespeedis
givenattheendofthepresentreport.
.
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Havingapproximatedtheprojectionoftheequationofmotiononthe .
normalto theflightpathwith -
Q= P=~@#
itfollowsthattheaerodynamicresistancetakes
—
.
— (15)
the form
R .$crps$ = EdJ2-I-F/crV2 (16)”
—
with
E=~2%OPOS (17)
F= 2Q2/fiAe@ (18) ;
.
5.OPTIMWVIWCITY
-.
.
Developmentofequations(3),(k),and(5)withtheaidof (10),
(n), (I-2),and(16)resultsh thefollowingsixthpowerequation
A@+B’#+C#+l=O
ThecoefficientsA, B,andC!dependonthetype
tude,aswellas onthecharacteristicparametersof
theengine.Hence:
(a)ClimtI- mird.ml.mtime
A _ Eu da
gFdz
B= 3Ec# a dT-—- ——
F g)?dz
(b)CIM - minimumfuelconsumption
“ “H%*4
(19)
offlightandalti-
theaircraftand
—
—
—
.<
(20j”
—
(21)—
—
(22) -
“
.
—
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*
(c)
The
(a)
(b)
Steepestclinib
A Eu ~=—
2@dz
B E# a dT=-— -— —
F 2gFdz
1 dac=-——
2gcdz
9
(24)
(25)
(26)
(27)
(28)
6.FUNDAMENTALPARWXERS
followingvariablesareintrduced:
Ratio
Speed
ofminimumdragin straighthorizontalflightto thrust
‘=%in/T=Q/%lax (29)
in straighthorizontalflightinattitudeofmaximum
efficiency
(30)
andthecorrespondingMachnunber
ME = VE/a (31)
Thesepsrsnetersor otherderivativesoftheirconibinationsare
fundamentalinthestudyofallflightperformancesof jetaircraft
(refs.(4),(5),(13),~ (14).).Theyallowforthebasicaer@ynamic
characteristicsAe,C
. ( r._),wingloading,altitudeoff~ght,andexcess
ofthru#twithrespecto themirdrmmdrag.
.
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7.OPTIMUMACHmm
Theuseoftheresultsobtainedin section
difficulties,butthecalculationsinvolvemuch
5 presents
“
no conceptional
paperwork. Fortunately,
however,itispossibleto effectuateconsiderable-simplificationsby
choosingtheMachnumberinsteadofthevelocityasbasicvariableand
introducingthefundamentalparenetersME and X.
Equations(10),(11),and(12),andthatofthestandardatmosphere
give: —
(a)Troposphere -.
1 da 1 dT 1 dq ac
-— =—— =—— =.—
adz rT dz Sqdz T’
with -
-
(33)
.—
(b)Stratosphere —
(34)
Furthermore,by defining .:
1 cmm=-— (35) ‘- “:
g
andbearinginmindtheexpressionofthevelQcityof soundandequations
(17),(18),(20), (21) . . . (35),=wation(19)canbe”transformedinto
A#+B#+CIM%l=O
.-.
with
(36) .
—
—
(37)
%bvious~ equation(34)cambe obtainedfrom(32)and(33)by putting
.
r=s= land a=O.
.
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B1 = Ba4= K2/M~4+ K5/~2
Cl = Ca2 I=K4~2+~
ThefactorsK1 . . .~ arerepresentedintable1.
Equation(36)asrepresentedinfigures2, 3,4, 5, 6,and7, enables
a quickdeterminationftheoptimumWch number(M)fora givenme of
flightwhenthebasicparameters~ and x areknown.Thesamegraphs
alsoshowtheratio(Y)oftheMachnumberthatsolvesthequestionof
optim~allowingforaccelerations,andthatWch nrmiberwhichwilJsolve
theproblemwhentheaccelerationsaredisregarded.ThelatterMachnum-
bergives
.
-1 forthecliabwithminimumtimea- minimum
. ~=ME
forthesteepestcW. 3
To simplifythecalculation
functions~/M% = f(@, x/xo=
table2.
(EL)
Theyaredefined
Thposphere
fuelconsumption,and
ftheoptimumvelocity
f(Z) arereprohcedin
(b)Stratosphere
ME
~-o.617
—=
M%
x &O.75
—=
X0
%
—=
M% 1.149@”5
(38)
(39)
(40)
(’41)
distribution,the
figure8 and
(42)
(43)
(w
%-ij iS interesting-hnotethattheequations(40)and(41)canbe
.
obtainedasparticularcasesof (~), ifthetermsderivingfromthepres-
enceoftheaccelerationsaremadezero,thusby puttingK1 = K3=~=0.
.
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$=o.744a-1 (45) “
It isappropriateopotntoutthat,as farastheturbojetiscon-
cerned,optimumvelocityorWch nuniberata givenaltitudeisinfluenced .
prinmrilyby thelocalvalueofthethrustandtoa lesserextentby the
derivativeof T W q withrespectothealtitude..Hence,itfol.
lowsthatwhenevertheexponentsofthelawsofvariationsof T and q
departfrcmthemeanvalue(13),theresultsobtainedcanbe considered_
applicableingoodapproximation.Greateraccuracyis obtainedby deter-
.—
miningtheparameterx at differentaltitudesonthebasisof (29)
tisteadof (43)and(45),andtheeffectivevaluesofthethrustwhich
csmbe readfrm themeratiruzchartsoftheturbo.let.-Thereforeit is
advisabletouse(43)‘-d(45~(andfig.8.md tab~e2) OdY
altitudeperformanceisnotknownorwhenit isnecessaryto
predictionofa preliminaryproject.
8.SPEEDOF CLIM3
Theclimbingspeedis (ref.19)
v= = FaV
b equation(46),sineu
neglected.Basedonequations
T -Rsineu. —
Q
sineus FaM sineu
indicatesthepathanglewith
(16),(17),(18),(29),(30),
whenthe .—
makea quick
—
1-
—. .
(46)
accelerations
and(31)
(47)
(L ‘J
ThefactorofaccelerationF= istheratioofeffectiverateof
climbto thatcomputedw~thaccele~ationsdi~counted_ --
—
v= sineFa=—=—=~ ‘
vZu sineu ~+ldV2 -
.—
2g dZ
.—
(48)
l%otneqpation(48),togetherwiththeexpressionsgivingtheoptimm
velocitydistributions,follows
(49i
.
IJ(x,ME)
.
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- with
“ ‘(x) ‘E)= (y!++c#42)x+ (C3M2+cJ4# + C,Xl..’
ThecoefficientsCl . .
table3. Thevaluesrelating
thoseprecedingby posting
c1
?
fortropospheric
~o s ratosphericflight
13
(m)
(51)
flightaregivenin
areobtainedfrom
(52)
Equation(49)iS plotted _ . . _
i clinib withminim timesndminimnmfuelconsumption.
It shouldbe notedthatequation(49)conta~ - Partic~ ~e~
.
theformulasoftheaccelerationfactorsassociatedwiththedistributions
(40)and(41).It is sufficienttoput Cl = c5=c5=c6=c8=c~o=o.
9.NUMERICALAPPLICATIONS
As a checkontheactti’advantagesobtainablefromtheuseofthe
deducedvelocitydistributions,theanalysisismadeona numerical
example(case1).
The, space,andfuelconsumptioncomectedwiththeoptimumvelocity
distributionsareccmparedwiththetime,space,andconsumptionassociated
witha certainumberofarbitrarydistributions.
.
EightvelocitydistributionsV = V(Z) axeconsidered(fig.13).
Eachoneincludestwoacceleratedmotionscorrespondhgto theinitial
andfinalaltitudeanda centersectionoftheflightpathalongwhich
thefunctionV = V(Z) isdefinedas follows:
(A)Distribution- mi~ time(eq.(3)).
(B)Distribution- mintiumfuelconsumption(eq=(4)).
(C)Distribution- minimumdistsmceflownhorizontally(eq.(5)).
(D)Velocitydistributionformaximumrateof clinbat eachaltitude,
accelerationsdisregarded(eq.(b)).
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(E)Velocitydistributionforpaximumpathangleat everyaltitude, p
accelerationsdisregarded(eq.(4.1)).
(F)Arbitrarydistribution
(G)Arbitrarydistribution
(H)Arbitrarydistribution
Thecharacteristicsofthe
Q=mo@3
s = 25m2
A=5
e = 0.8
Thetheoreticalceiltigis
definedby VM =
definedby V- =
definedby Vm =
396+ 21.0~. .
650+ 11.4~.. -
const.= EKSjl
.—
airplaneinquestionare:
~ = 0.018
To = 1680kg — .—
~ = 0.606@/s;c $“
about14,600m. Thrust--andspecificfuel
e.
tionaresupposedto varywiththealtitudeinaccordwitheqya-
~~~lo), (11),~d (~). Thedependenceof T and“-Qonvelocityis$M&ega.rdedinthepresentexsmple.
—
Thelimiting conditionsare
(1)Initial:Z .0 km,V = 274kmh.
(2) Final:9.15km,10.769km,12.21au,13.7kmaltittie,but-the
samefinalspeed(V= ~5 km/h).
Theprincipalnumericalresultsarecondensedintables4,~, 6, 7,
8,end9. Thebasicconclusionsareasfollows:
(a)Rateofclimb-.minimumthe.- Therelativeandabsoluteimpor-
tanceof,usingthenewunsteadydistributioninsteadoftheoldsteady
distributionD increaseswiththefinalaltitude.Thegainintimeis-
merely~.lt.seconds(0.57’percent)fora clhibto 9.15b, but116.5sec-
onds(7.64percent)fora climbto 13.7km. Thesefiguresareinagree- —
mentwiththoseobtainedby Lush(ref.17).
It shouldbe notedthatthedistributionisbetterthsnD inthe
overallsensebutnotinthepsrtial.Thustsble8 shows,forexample,
thatan airplaneinflightusingdistributionrecoversduringthe
acceleratedhorizontalphaseofmotionthetimelostatfinalaltitude
m
withrespectodistributionD duringtheotherphasesofflight.
—
.
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% (b)Rateofclinib- mhimumfuelconsumption.-
elusionsareidenticalwiththoseformintimtime,
accru@ fromusingunsteadydistributionB instead
savinginfuelfora 13.7lauclimbis 2.5percent).
15
Thequalitativecon-
buttheadvantages
ofD areless(the
Fromthepracticalpointofview,it isinterestingto notethepos-
sibilityof obtaininga goodcompromiseb tweenthenecessityofa clinib
inmhimm the andclimbwithminimumfuelconsumption.
(c)Steepestclimb.-A comparisonofthe
thesteady(E)forthiskindofflightyields
obtainablefortheclimibin “ “ time.
unsteadysolutions(C)with
conclusionssimilarto those
10. CRITICALRmARKsREG#RDINGTHEOBTAINEDSOLUTIONS
(a)Variationofthrustandfuelconsumptionwiththealtitude.- The
meanvaluesof r(O.75)and S(o.go)involvedaremerelyapproximate.@ Nevertheless,thewriterbelievesthatthepracticaldivergenceof r and
s fromtheassumedvalueshavea negligibleeffectonhisresults,ifthe
., advicegivenattheendof section7 istaken.
(b)Compressibilityeffect.- Theforegoingformulaswerededuced
whiledisregardingthedependenceof theaerodynamicparametersofthe
aircraft(Cr.Y e)fromtheMachnwiber.~ consequence,theyapplywhen
theMachnuniberofflightislowerthanthecriticalMachnunibercorre-
spondingtotheliftcoefficientlnmwnfromtheconditicmofflightin
question.lkomthequalitativepointofview,itispermissibletopre-
dictthatthecompressibilitytendstoproducean approachbetweenthe
unsteadyandthecorrespondingsteadydistributions.However,they
reducetheadvantagesobtainableby theuseofthenewflighttechniques.
(c)Discontinuitiesinthesolutionat thetropopause.-Theequations
definingtheoptimumvelocityhavetwosolutionsrepresentingthetropo-
pause(ref.19). Oneistheterminalvelocityofthetroposphericflight,
theotheristheimitialvelocityofthestratosphericflight.1% canbe
provedanalyticallythatstratosphericflightisalwaysgreaterthanthe
troposphericat Z = Z*.
(d)Comparisenofsteadyandunsteadysolutions.-Thefigures2, 3,
4, 5,6, 7,and13provethat theoptimumvelocityobtairiedby thepresent
a&lysisis,ingeneral,greaterthanthoseobtainedby a “steady”snaly-
sis. InthecaseoftheclidJwithminimumfuelccmnmption,theresults
maybe notas good(lowaltitude,x< 0.379).
. (e)Effectoftheaccelerationsonthespeedof cl~. - Thefigures9,
10, 11, 12j andtable9 (exampletreatedin section9) showtheneedfor
.
16
includingtheaccelerationsintheevaluationoftheclimib
Thesignificanceofthisconceptincreasestithincreas~ng
especiallyinthestratosphere.
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performance.
altitude,
(f)Dependenceoftheturbojetperformanceonthealtitude.- The
.aspectofan idealttibojetwithperformanceindependentof V wasbasic
totheeffectsof obtainingeasilyusablerestits.Wheneverit isdesired
to includethechangesin T and q, itisadvisabletoproceedinthe
followingapproximatemanner.Referenceismadeto thecIW withmini-
mumfuelconsumptionwhichistheme offlightforwhichthisnotecan
be ofparticularinterest.Theothercasesaretreated%yanalogy.
Theoptimmvelocityisobtained:
(1)by computingthesteadysolution,
selves
P .
that is,thevelocitywhich
o (53)
Thedependenceof T and q on V isconsidered.
(2)bymultiplyingtheprecedingvelociWby thefactor
Y =V/Vc =M~ = f(x,~) (54)
whichallowsfortheaccelerationsandcanbe-deducedfromfigures4
and5.
(g)Effectofchangeofa &planemassonclimbperformance.-The
foregoingresultswereobtainedby consideringanairplaneofconstant
idealmass;however,dueto thefuelconsumption,a correctioncanbe
appliedat somesuitabletime. Theaccelerationsandtisschangesof
theaircraftordinarilyexertoppositebutnoncompensatingeffectson
theflightperformance.At lowaltitude,theeffectis..unfavorabledue
to theaccelerations.At highaltitude,theeffectistheopposite.In
particular,thetheoreticalceilingishigherthancomputedby assuming
Q = const.It is somewhatdifficultto studytheconditionsoftheo@i-
mumwhenthechangesof ‘Q areinvolved;however,fortunatelya satis-
factorysolutionfromthepointofviewofmodernengineeringpractice
canbe obtainedby proceedingiteratively(ref.19)asfollows:
a
—
—
. . _
—
—
—
#
*
.-
—
=
(a)Cmputeinftistapproximationthefuelconsumptimfor Q = const.
(b)Determinetheinstantaneousweightoftheairp@e atvarious
altitudes.
.
(c)Introducetheapttiumvelocitiesandtheclirib.velocitycorre-
spondingtotheinstantaneousvaluesof Q intheequations.
-..
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b
Theconvergenceisveryrapid.Twoattemptsaresufficient.The
principalconclusionsareas follows:Themasschangesoftheaticraft
dueto theconsumedfuelprducean increaseof Vz,anda decreasein
.
theoptimumvelocityrelativeto thecomputedvaluesonthebasisof
Q= const.,thefirsteffect(on Vz)havingthegreatestrelativesig-
nificance.It isreadilyapparentonthecalculationftheairplaneof
section9 andtheclinibinminimumtime. (Comparetablelo.)
11.CONCLUSIONS
Theprticipalresultscanbe sumnedup as followB:
(1)Theproblemoftheturbojetaircraftrelativeto thevelocity
distributionV . V(Z) is solved.Itresultsin certaininitialcondi-
tionsandprescribedfinalconditionswithminimumthe, minimumfuel
r consumption,andminimumflownhorizontaldistance.
(2) Whenthemasschangesoftheairplanedueto theconsumptionf
. fuel,thecurvature,andsquaresofthepathanglearedisregarded,the
optimumtechniqueofflightyieldstwoterminalflightpathsdependingon
thelimitingconditionsanda centralpathalongwhichthevelocitydis.
tributionisdefinedbyequations(3),(4),and(5).
(3) In flightcaseI (accelerationandclti at lowspeedandlow
altitudeat highspeedandhighaltitude)andundertherestrictivecon-
ditionsimposedontheflightpathto remainwithtitheareaofthespace
lhitedby thehorizontalplanescorrespondingto theextremealtitudes,’
thetwoforegoingtemminalpathsaretwopathstobe flowninlevelhor-
izontalflight.
(4)Theoptimumvelocitydistributionsalongthecentralpathflo~
atvariablealtitudearedefinedby equationsofthesixthpower,pro-
videdthepolarisassumedparabolicandtheoperationiscarriedoutat
constantnuniberofrevolutionswithan ideal.turbo~etofperfo~ce inde-
pendentofthevelocity.
(5) It is advisableto assmethe Machnuniberofvelocityas funda-
mentalvariable,sincethesolutionsobtainedwill.thenbe dependent
solelyon&o parameters:theMachnumbercorrespondingtorectilinear
horizontalflightinpositionofmaximumefficiencyandtheminimumdrag
tothrustratio.Graphsaresuppliedforeachcasewhichpermita quick
calculationftheoptinnmlhchnumbersandoftheeffectoftheacceler-
ationsonthespeedofclimb.
(6) CHmb - minimumtilne.-Theoptimumvelocitiesarealwaysgreater
thanthoseobtainedfroma “steady”analysis.Therelativedifference
.
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my reachupto 20percenth thestratosphere.Theaccelerationscan
reducetheclimbingspeedupto20percentinstratosphericflight.
(7) Climbwithminimmfuelconsumption.- Theopttiumvelocitiesfor
stratosphericflightarealwaysgreaterthanthoseobtainablewiththe
accelerationsdisregarded.Introposphericflight,theycanbelessat
lowaltitudes(x<o.379;T>2.64R~). !l?heaccelerationscanreduce
theratesofcl~ by asmuchas ~ percentinthestratosphere. .—
— —.
l “
.
(8) Steepestclimb.- Theoptibnumvelocitiesarealwaysgreaterthan
thoseobtainedby “steady”analysis.Thedifferencemayamount o as
muchas ~ percentinthestratosphere.Theeffectoftheaccelerations
onthespeed,of.clinibismoreseverethanintheprecedingcases.
(9)Thevalidityoftheforegoingresultsis subjectoa checkthat
theMachnw.?iberofflightislowerthanthecriticalMachnunibercorre-
spondingto theliftcoefficientrelatingtotheconditj.ansinquestion.
Thecompressibilityhasanunfavorableeffectonthecl~ performance.
Moreparticularly,smapproachbetweenthenewunsteadydistributionsand t
theoldsteadydistributionsproducesa decreaseoftheadvantagesobtain-
ablethroughtheuseofthenewtechniquesofflight. ~
(10)Inthetroposphere,thesolutionsarediscontinuous.Corre-
spondingto suchaltitude,itisnecessarytoacceleratetheaircraft
fromitsterminalvelocityoftroposphericflightto theinitialvelocity
of stratosphericflight,iftheoptzbnumclinibingperforngmcesaretobe
obtained.
—
(n) Thechangesinairplsneweightdueto fuelconsumptionaretaken
careofby a correctionappliedto thesecon&approx3mation.In conse-
quence,theclimbtigspeedis increasedandthevelocityonthepath
reducedwithrespectothevaluescomputedfor Q = const.
(12)ThefoUlowingconceptsaredeterminedby wayofan exampleon
a typicaljetfighter:
(a)Therelativesadabsolutesignificanceofusingtheoptimum
flightpathdeducedfromthatobtainedby disregardingtheincreased
accelerationswithincreasingfinalaltitudeforeverycaseofflight.
(b)As farastheclhibinnddmumtimeis concerned,thenewunsteady
solution,comparedto thecorrespondingsteadysolution,makesitpossible
to save7.6percentofthetotalthe (about2 minutes)ina finalcl.inib
to 13.7km.
(c)A goodcompromisecanbe reachedbetweenthenecessityofclimib
inminimwntimeandc- withminimumfuelconsumption.
.
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JUSTITICATIONF TEEASSUMPTIONS
QF THEOPTIMUMVELoclm
U EDINTHEDEDUCTION
DIS~ONS
(1) climb- MinimumTime
In ordinarymecharklcsofflight,theoptimumvelocityfortheclinb
isdeducedlikethatformaximalvelocitywithaccelerationsdisregarded.
Additionalassumptionsareusuallyadaptedwhich
thesquaresofthepathanglesintheprojection
onthenormalto theflightpath;however,itis
tion(40).
Theclimbingspeedcomputedonthebasisof
consistindisregarding
oftheequaticmofmotion
addedto thesteadysolu-
theseassumptionsandof
thevelocityon~he-flightpathdefinedby (40)is affectedby errors
whicharereflected@ theevaluationofthetimeofcldaibandthecon-
sumptionoffuel. Theseerrorsincludedinthecalcuhtionof V= sxe
itemizedsoas to showtheirabsoluteandrelativesignificance.We shall
omitdetailsofthelengthycalculationsbasedonthesteadydistribu-
tion(40)andontheassumptionsu edinthecourseofthework. Only
theresultsaregivenhere. Theerrorsaregiveninrelativeformand
referredtovelocityVzu.
(a)Errordueto disremrdoftawentialaccelerations.- It is
expressedby
Vz - Vzu
%
1
=—=Fa-l =-—
vZu 1+X
(55)
with
x. 6x< (tr@osphere) (56)
Km(~- r)(1+ ~)M#
x= A (stratosphere)
~E2
(57)
Thiserrorincreasesin.
valueincorrespondencewith
E 4+3X? (58)
ratioto thealtitudeandreachesitshighest
thetheoreticalceiling(x= ~, ~ = 2)
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>.
“=-- (59)
(59),itfollowst~t the~ssion ofthetangentialaccelera-
resultin&rorsupto ~ percentoftheclinibingspeedat
neartheceiling.
Errorduetodisregsrdof centripetalccelerations.-Troposphere
stratosphere
cc=
ZK(2~ - 1)ME2
3x~E2=
(60)
(61j
Thiserrorincreaseswiththealtitudeandreaches-itshighestvalue
incorrespondenceto thetheoreticalceilingheight _
(62)
It iseasilycheckedthat Ec isusuallybelow0.005.
(c)Errorduetodisregwdof squaresofthep~thangles:
Fvzu
- .EE81&— =&-~ (63) ..=QaVc3 — .—
Thiserror,unlike’theothertwo,asswnesgreatersignificanceat low
altitudewherethethrustishigh. Intheideallimitingcase,x-+0,
Ej-+1,it
This
reference
resultsin ,, -.
~g= 1 (64)__
2E2max -k—
formula producesmuchsmallererrorsthanthosegivenby Lushin
(17)whicharetooconservative.Ordinarily,69<0..024.
(d)Conclusions”.- Theapplicationftheprecedingformnliastomodern
jetaircr~ht theerrordueto omissionofthe,~ential accel-
erationsisfrom10to 60timesgreaterthanthetotalgrrorduetodis-
regardedcentripetalccelerationsandthesquaresofthepathangle.
.
-.
.
-.
—
-.~
.
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—
—
—
—
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Thesestatementsjust~ thefollowingconclusions:Of theclassi-
calassmnptionsmadeonthebasisofthe“steady”analysisofoptimum
conditionsof Jetairplaneclhnb,theonlyonethatgivesriseto any
appreciableeffectiveerroristhatconcerningthetangentialaccelera-
tions.Hence,iftheconditionsoftheoptimumareanalyzedwhile
continuingto disregardthecurvaturesandthesquaresofthepathangles
butincludingthetangentialaccelerations,itmustnecessarilyeadto
moresatisfactoryesultsfromthepointofviewofapplicationsin
engineering.h consequence,theassumptionsleadingto equation(3)
remin justifiable.
(2)Clhitl - MinimumFuelConsumption
ConsideringthattheoptimumdistributionfortherateOZclti with
minimm consumptiondoesnotdiffermuchfrcmthatoftheminimumtime,
theconsiderationsdiscussedinpoint(1)oftheappendixaxequalita-
tivelyapplicable.tohiscaseofflightandtheuseof equation(4)is
justified.
(3) SteepestClimb .
Thevelacit~di@ributionofthepathangleccmputedwhiledis-
regardingtheaccelerationsandpostingcose = 1 intheprojection
oftheequatiop0$motiononthenormalto theflightpath@ definedby
(41).
Theerrorsintralucedinthecalculationftheclinbingspeedas
a resultoftheclassicalassumptionsarethefollowing.Theyare
expressedinrelativeformandreferredto Vzu,tk& timecomputedon
thebasisofthedistribution(41).
!
(a)Errordueto disregsrdoftangentialaccelerations.-Troposphere”
stratosphere
(b)
%=- 11+2/~E2 r
(65)
(66)
Errordueto disregsrdof centripetalccelerations.-Troposphere
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(67)”-
stratosphere
Iw?#
‘c==
(c) Errordueto assumingcose = lx , .
[111.~=&z-
(68)
-.
(69)
A nuniberofapplicationstomodernturbojetaircrafthasproved
thattheproportionoftheerrordueto tangentialaccelerationsi from
2 to 100timesgreaterthantheccmibinedrrordueto exclusionofcent-
ripeta.1accelerationsandthesquaresofpathamgles.
Themodeofcalculation whicheqution(5)isbasedremains
applicableto highaltitudeaswellasto lowaltitude,iftheratio
thrustweightisnotexcessive.Thisisconfirmedby theforegoing
resultsandalsoby thestudyoftheerrorsas a resultofhavingassumed
sine =tan e intheprojectionoftheequationofmotiononthetangent
totheflightpath.
Translatedby J.Vader
WtionalAdvisoryComittee
forAeronautics
.
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coefficients
K1 . . . . .
%“**””
K3 . . . . .
%“””””
9“”””*
i=
s’
E!
&
ClhitJ - drdmum time Cuuib —mmlm—umf el Conslqtil
!Rmpospbere Stratosphere TroposphereStratosphere
-Km -K K(8 - l)m o
-3 -3 -3 -3
2K ~(r - s) o
2 2 2 2
Ion K Km(fi+ 1) 2K
Steepest clinib
T!lh3posphere Stratosphere-Jhl/2 -K/2“1 -1Ko 0Ion/2 K/2
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.
TABLE2.-
/
v~~ OF THEFUNCTIONSMEMEOAND X~
%n
8
10.769
12
14
~6
18
20
1.OCQ
1.129
1.282
1.46p
1.687
2.077
2.288
2.676
3.130
3.661
4.281
1.000
1.159
1.352
1.591
1.888
2.432
2.950
4.035
5.520
7.551
10.331
.
.
.
L . l
TABLE3.- COEFFICIEIW133FOR CWPUTUWTEEAWELEWEIONFAC~R Fa- T!ROKWPHERE
CoefYlcient
c@hl.. . . ..m. m
1). . .C#%n?(l. + r - ~
Cl@m(l+r)......
PeCIj/i&n2. . . . . . .
c@fltl.. . . . . . . .
‘%”””””””””””
c@4Mlr . . . . . . . .
C9 . . . . . . . . . . .
c~opll. . . . . . . . .
C1.inib-miubnlm time
-1
-1
1
1
-1
-1
-6
1
2
mnib - minimumfuel conm.mption
s-l
-1
1: .-
1
-(1+ s)
1s--
r
2
1+s
W3epest CliI&I
-1/2
-1/3
1/2
o
-1/2
-1/2
-2
1/2
o
1/2
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‘rmLa4.- OPTIMWVELOCITYDIS!lYIDUTIONSIORCLIMBINGFLIGHT
%ml
o
3.05
6.10
9.15
10.769
10.769
12.2
13.7
0.240
.290
l355
.441
.ylo
l5OO
.559
.630
%=Q-
0.225
.282
.361
.470
.547
.547
.684
.869
OptimmnMachnumbers
I
.
Minimumthe
0.439
.480
.531
:%
.688
.715
.750
RateofClimb
MinimumconsumptionISteepest
0.417
.454
.~1
.569,. .615-
.643
.683
.740
0.255
.311.
.384
.484
l553
.599
.661
.736
—
—-
.-
—
—
.
—
.
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TABLE5.- K@llINECESSARY‘IOACCELERATEANDCLIMB(see)
I Finalaltitude,km
Velocitydistribution
m
A . . . . . . . . . .
B . . . . . . . . . .
c . . . . . . . . . .
D . . . . . . . . . .
E . . . . . . . . . .
F. . . . . . . . . .
G . . . . . . . . . .
H. . . . . . . . . .
597.5
601.0
701.2
600.9
7k7.2
625.0
648.0
927.8
755*O
760.0
873.6
760.8
937.1
787.7
817.4
lllj’.l
J2.2
976.9
985.2
1.m6.6
999.8
UI.9.6
m32.3
1042.0
1349.1
13.7
1521.3
1533.4
1663.7
1637.8
1938.9
1692.8
1594.0
lgol. 5
29
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IJMBU6.- FUELCONSIMPTSON(kg) REQUIREDTOACCELERATEANDCLIMB
I Finalaltitude,lun I
Velocitydistribution
9.15 10.769 12.2
A . . . . . . . . . .
B . . . . . . . . . .
c . . . . . . . . . .
D . . . . . . . . . .
E . . . . . . . . . .
F. . . . . . . . . .
G. . . . . . . . . .
H. . . . . . . . . .
226.I
224.9
257.0
225.0
2’P.8
231.0
256.0
395.6
259.0
257.4
291.3
257.6
309.3
263.9
293.5
438.9
298.I
295.9
330.2
296.9
354.8
303.9
334.3
483.9
13.7
375.7
572.7
407.7
382.1
449.8
391.7
414.1
564.6
.
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TABLE~.-HORIZONTALDISTANCEFI#WN(h)
Velocitydistribution
A . . . . . . . . . .
B . . . . . . . . . .
c . . . . . . . . . .
D . . . . . . . . . .
E . . . . . . . . . .
F . . . . . . . . . .
G . . . . . . . . . .
H. . . . . . . . . .
9.15
100.5
96.9
90.5
97.1
91.0
92.6
I-24.8
202.0
Finalaltitude,km
10.769
130.2
=5.6
u8.2
U25.4
Ilg.1
120.6
160.7
21JA3
12.2 13.7
176.6 ‘295.3
170.5 287.4
162.9 2&).2
170.2 295.8
166.8 x2.4
165.6 294.1
209.4 331.8
296.2 419.6
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TABLE8.- COMPARISONOFUNSTE#YDISTRIBUTIONA DSTEADYDISTKCBUTION
~R MINIMfMTRt# -ACCELERATIONA DCLIK6FROM Z = O,
v= 274km/h ‘IDZ = 13.7Ian,V = 805&/h -
!KYI!ALANDPARTIALTINE(see)
Velocitydistribution
Branchofpath(fig.13)
A D
Horizontalflightacceleratedto
Zo o . . . . . . . . . ... . . . 31.3 28.4
Hori~ontalflightacceleratedto
z =lo.769ti. . . . . . . . . . . 25.1 ------
Horizontalflightacceleratedto
z =13.71utl. . l . . . . l . . . 22.1 339*5
Clilibe. . . l . . l . . . . . l l . 1442.8 =69.9
Totalttie.. . . . : . . . . . 1521.3 1637.8
%Amitedtounsteady(steady)distributionminimumthe with
V(Z) whichsolvestheproblemoftheoptimumwithtangential
~c~elerationsincluded(disregarded).
.
5s
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WiBLIZ9.- ACCELERATIONFACTORSFa FORSOMETYFICAL
VELOCITYDISTRIBUTION
Altitude,
lml Minimumtime,
A
o. . . . . 0.963
3.05. . . . .g5k
6.10. . . . .938
9.15. . . . .939
10.769. . . .8$7
10.769. . . .915
1202. . . . .=5
13.7. . . . .844
&
Rate ofClimb
IMinimumfuelconsumption,Steepest,B c
0.970
.96~
.944
.glk
.886
.880
.837
.776
0.962
.945
;gl
.843
.815
.784
.745
“
,f.-
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TABLElo. - RA!ZEOF CLIMB-MINIMUM!IEUfE- CO~ARISONOF THEVALUESOF
OPTIMUMVELOCITYANDRATEOF CLII.18COMPUTEDBYASSUMING
Q= CONST.(V,Vz) WITHTTIOSEDEll?INEDBY CONSIDERING
THECEliNGEINWEIGHTOF THEAIRPLANEDUETUFUEL
CONSUMPTION(V‘, V‘~)
.
o
3.05
6.1
9.15
N. 769
10.769
32.2
13.7
537.2
567.0
604.8
655.3
690.~
733?9
760.6
799.5
537.~
566.5
6U3.5
652.i
;&&.;
752:5
785.5
vZF V’z,
m/0 In/6
28.6 I 28.722.6 23.0
27.0
u.6
8.9
8.7
4.8
1.2
17.7
12.5
9.8
9.6
5.8
2.3
.
.
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Figure1.-Distributionofoptimumvelocityformininmn
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?igure2.-OptimumMachnumberforminimumtimeclimb(troposphere).
ThelowerscaleofNIEisusedtodetermineM =f(x,ME);theupper
scaleofME forY =M/Mc =f(x,ME).
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Figure 3.-OptimumMachnumberforminimumtimeclimb(stratosphere).
ThelowerscaleofME isusedtodefineM =f(x,ME); theupperfor
Y =M/Mc =f(x,M~.
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Figure4.- OptimumMachnumberforminimumconsumptionclimbinthe
troposphere.
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Figure5.- Forminimumconsumptionclimbinthestratosphere.
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Figure6.- OptimUmMachnumberforsteepestclimb(troposphere).
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Figure7.- OptimumMachnumberforsteepest climb (stratosphere).
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Figure9.-AccelerationfactorFa =f(M,ME) forminimumtimeclimb
(troposphere).M = optimumMachnumberforminimumtimeclimb
readfromfigure2.
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Figure10.- Accelerationfactor
(stratosphere).M = optimum
readfrom figure 3.
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Fa = f(M, ME)forminimumtime climb
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Figure11.- AccelerationfactorFa=f(M,ME) forclimbofrninimurn
fuelconsumption(troposphere).M =optimumMachnumberfor
climbwithminimumfuelconsumption,obtainablefromfigure4.
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Figure 12.- Accelerationfactor Fa = f(M, ME)for climb of minimum
consumption(stratosphere).M = optimumMachnumberfor .-
climbofminimumconsumptionreadfromfigure5.-’
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Figure13.- Compsrkon of dtierent velocity distributions,
